We show that the performances of a Stern-Gerlach apparatus can be improved by using a magnetic field profile for the atomic spin evolution designed through shortcut to adiabaticity technique. Interestingly, it can be made more compact -for atomic beams propagating at a given velocityand more resilient to a dispersion in velocity, in comparison with the results obtained with a standard uniform rotation of the magnetic field. Our results are obtained using a reverse engineering approach based on Lewis-Riesenfeld invariants. We discuss quantitatively the advantages offered by our configuration in terms of the resources involved and show that it drastically enhances the fidelity of the quantum state transfer achieved by the Stern-Gerlach device.
I. INTRODUCTION
The Stern-Gerlach apparatus, used in the last century to obtain an experimental evidence of angular momentum quantization [1] , has also interesting features for atom optics [2] . In particular, this device has been used successfully in the first observation of a geometric phase [3] in atom interferometry [4] . This system entangles the external atomic motion with the total angular atomic momentum, and produces a spatial separation between atomic wave-packets corresponding to different angular momenta. The Stern-Gerlach device can be used to perform transformations on the atomic spins, mapping initial angular momentum states to determined final states.
These transformations are usually achieved with a magnetic field presenting an helicoidal profile [5] . A simple way to map reliably initial spin states to well-defined target spin states is to design the magnetic field profile in such a way that the atomic spin follows the locally rotating magnetic field adiabatically in the course of its propagation through the device. The bottleneck of this approach is that the adiabatic regime imposes a minimum length over which the magnetic field may change its direction. This length is proportional to the atomic velocity and inversely proportional to the magnetic field modulus. Since strong magnetic fields may be undesirable, there is a trade-off between the speed of the adiabatic evolution and the magnetic field strength.
The purpose of this article is to show that this tradeoff can be greatly improved by using the shortcut to adiabaticity(STA) technique [6] . More precisely, we design a suitable magnetic field profile by using the reverse engineering approach based on the Lewis-Riesenfeld invariants [7] [8] [9] . These methods enable one to guarantee a transitionless evolution faster than the time scale imposed by the adiabatic regime. The STA approach has been shown experimentally to efficently speed up the transport or manipulation of wave functions [10] [11] [12] [13] [14] [15] [16] [17] and even thermodynamical transformations [18] [19] [20] . Concerning the transfer of quantum states, recent impressive implementations have been reported in cold atoms experiments [21] , solid-state architectures [22] or in optomechanical systems [23] . The transposition of those ideas to integrated optics devices has been recently explored [24] [25] [26] .
Our proposal of STA-engineered Stern-Gerlach device outperforms the traditional rotating field in terms of speed of the quantum evolution for a given amount of resources -here the magnetic field -. The STA-engineered Stern-Gerlach is also robust toward toward a dispersion in the atomic velocities, and may achieve very high fidelities in an atomic spin state transfer. We will illustrate our arguments by considering specifically the case of spinone particles such as the hydrogen fragments issued from H 2 dissociation [27] [28] [29] . This example is relevant, since an experiment based on an arrangement of Stern-Gerlach devices has been recently proposed to evaluate the spincoherence of this dissociation [30] .
The paper is organized as follows. In Section II, we investigate the efficiency of a Stern-Gerlach device using a plain helicoidal configuration of the magnetic field. In Section III, we provide the general framework to determine a suitable magnetic field in a Stern-Gerlach device using STA technique. In Section IV, we study an example of such a magnetic field profile suitable to realize fast and robust angular momentum evolution. In particular, we estimate the quantum fidelity and the speed-up of the spin transfer enabled by this configuration. We also study the resilience toward a dispersion in the atomic propagation times, and compare the performance of this configuration with respect to a standard Stern-Gerlach apparatus using an equivalent magnetic field.
II. EFFICIENCY OF A STERN-GERLACH DEVICE WITH AN HELICOIDAL MAGNETIC FIELD
In this Section, we review the propagation of a spin-one particle in a standard Stern-Gerlach device. This apparatus involves an helicoidal magnetic field which rotates of an angle π/2 over a certain length, corresponding to a propagation time T for a given class of atomic velocities. An atom propagating at constant velocity along the he-licoid axis experiences locally a uniform rotation of the magnetic field. We investigate the transfer of the angular momentum from the initial state |J = 1, m z = 1 to the target state |J = 1, m x = 1 as a function of the atomic propagation time T .
For this purpose, the particle is subjected to the timedependent HamiltonianĤ(B(t)) = −γ B(t) ·Ĵ between the initial time t = 0 and final time t = T . Ĵ is the vectorial angular momentum operator of a spin-one particle and γ accounts for the strength of the coupling and includes the atomic Landé factor. The magnetic field, B(t), in the comoving frame seen at the central atomic position [31] , reads
As there is only a single characteristic time scale, namely the Larmor time T L = 2π/γB 0 associated with the spin precession in the magnetic field, the efficiency of the quantum transfer may only depend on the ratio T /T L . We have used the Qutip package [32, 33] to simulate the evolution of the initial spin state |m z = 1 in a time-dependent rotating magnetic field. The efficiency of the spin transfer is quantified by the fidelity F [34] of the final state |ψ(T ) to the target state
The results are shown in Figure 1 . For short durations T T L , the fidelity of the final state is barely higher than that of the initial state. As expected, in this limit, the atomic angular momentum state is almost unaffected by the Stern-Gerlach device: the rotation of the magnetic field is too fast to drive the atomic spin. On the other hand, for times T T L , the atomic spin follows adiabatically the field, yielding a final state very close to the target state. A quantum fidelity equal to unity is achieved when T = T L . For total times T greater or equal than a few Larmor times T L , the fidelity stays higher than 99%. The Larmor time T L , inversely proportional to the strength of the magnetic field, thus corresponds to a reliable spin transfer in a standard Stern-Gerlach apparatus. We shall use this duration to determine the figure of merit of a Stern-Gerlach device enhanced by the STA technique. Using typical experimental parameters for Stern-Gerlach atom interferometry with hydrogen fragments [4] , we consider atomic velocities v ∼ 10 km/s, a gyromagnetic ratio γ µ b /h and a magnetic field B 0 = 0.1 G. a Larmor time ν L = 0.14 MHz. The corresponding Larmor time T L 7 µs then yields the minimum length of a few L 7 cm for an efficient spin transfer in a Stern-Gerlach device with an helicoidal magnetic field.
Finally, we note that the fidelity is a non-monotonic function of the ratio T /T L . The small oscillations shown in Figure 1 are consistent with the predictions for the spin transition amplitudes of atomic spins experiencing a non-adiabatic evolution in an inhomogeneous magnetic field [35] , evidenced experimentally in for metastable hydrogen atoms [36, 37] . 
as a function of the ratio T /TL between the total time and the Larmor time. This profile is independent of the considered Larmor pulsation, which has been set to ωL = 10 6 rad/s in the numerical simulation.
III. DETERMINATION OF THE MAGNETIC FIELD FROM LEWIS RIESENFELD INVARIANTS
In this Section, we search for a magnetic field profile suitable to realize fast spin evolution of a spin-one particle in a Stern-Gerlach device, with an initial angular momentum along the Oz axis and a target angular momentum state along the Ox axis. We find the general equations for the field and determine suitable boundary conditions to be satisfied by the Lewis-Riesenfeld invariants [7] .
A. General equations for the dynamical invariant
For a given time-dependent Hamiltonian,Ĥ(t), a dynamical invariant,Î(t), fulfills the equation [7] :
A natural choice for the rotation of a spin 1 is to search for a dynamical invariant in the formÎ(t) = u(t) · J(t) where the spin operators {Ĵ k } with k = x, y, z form a closed Lie algebra [38, 39] as the Pauli matrices for SU(2) and u(t) is a vector that needs to be determined. Interestingly, the dynamical operatorial equation (1) can be translated in a simple linear differential equation describing a clockwise precession of the vector u(t) around the magnetic field B(t)
In the following, we set the evolution of u(t) and infer from Eq. (2) the explicit expression for B(t) [42] . This amounts to reverse engineer Eq. (2). Actually, we have a lot of freedom to choose the function u(t) and this choice does not fully constrains the function B(t). In what follows, we fix B y = 0 and proceed to determine B(t) from Eq. (2) [40] . Finally, to connect the eigenstates at initial and final time ofÎ This property enables one to perform an efficient spin rotation over a broad range of particle velocities, turning the apparatus robust against an atomic velocity dispersion. In the next Section, we will verify numerically this resilience of the spin transfer for a concrete example of magnetic field.
C. Relation between the magnetic field and dynamical invariant
The vector u(t) is conveniently parametrized in spherical coordinates as a unit vector, u(t) = (sin θ cos ϕ, sin θ sin ϕ, cos θ). From the precession equation (2), we get the components of the magnetic field as a function of the spherical angles θ(t) and ϕ(t)
We shall thus search for acceptable angular functions avoiding divergences in the magnetic field. Typically, as seen from the equations above, such divergence may occur when the invariant pointer crosses the equatorial line defined by θ = 0 or the meridians defined by ϕ = 0, π. This geometric constraint on the pointer trajectory sets a limit on the shortest spin transfer time achievable with the STA method when using polynomial angles of a certain degree.
D. Boundary conditions on the spherical coordinates of the invariant.
We derive here the boundary conditions to be fulfilled by the angular functions (θ(t), ϕ(t)). These functions must enable the commutation between the invariant pointer and the Hamiltonian at the initial and final times. Since the initial and target states must be eigenvectors of the initial and final Hamiltonian respectively, the magnetic field direction at these times is fixed according to B(0) = B I zẑ and B(T ) = B F xx . The commutation between the invariant and Hamiltonian is then ensured by setting the pointer u(t) parallel to the magnetic field at these times. This is achieved by imposing the following conditions on the spherical coordinates
We now search for suitable expansions of the angular functions near the initial and final times that yield through Eq. Using the perturbative expansion θ(t) = π + α t m + o(t m ) and ϕ(t) = π/2+β t n +o(t n ) in the vicinity of t = 0, one obtains that the condition on the initial magnetic field is equivalent to m > 1, n = 1, and β = −γB I z /(m + n). The lowest-order expansion compatible with this condition corresponds to n = 1 and m = 2, that is to saẏ
Using a similar expansion close to the final time with τ = t − T, θ(τ ) = π/2 + α τ m + o(τ m ) and ϕ(τ ) = β τ n +o(τ n ) with τ = T −t, one obtains that the second set of conditions is equivalent to m = n + 1, n > 1 and m α = γβ B In this Section, we give an example of magnetic field profile realizing the STA, by finding suitable polynomial functions for the spherical coordinates of the invariant pointer. We show by numerical simulations that this magnetic field profile yields an extremely reliable transfer of a single quantum state. We also discuss quantitatively the enhancement brought by the STA in a Stern-Gerlach device. For this purpose, one must consider the tradeoff between the speed-up brought by the STA and the amount of resources involved [23] . In contrast to the standard Stern-Gerlach device, the STA-engineered SternGerlach involves a magnetic field with a time-dependent amplitude. To work out explicitly the comparison between the two devices, we shall either consider as a resource the average magnetic field seen by the atom in the STA device, i.e. B av = (1/T ) T 0 dt||B(t)||, or the maximum magnetic field B max = max{||B(t)||, t ∈ [0, T ]}. These two criteria will provide different figures of merit. As seen below, with both criteria the STA-engineered Stern-Gerlach outperforms the standard device.
A. Example of suitable magnetic field profile.
A simple way to match simultaneously the conditions (4,5,6) is to look for polynomials functions of the form θ(t) = P t T and ϕ(t) = Q t T . Lowest-order suitable polynomials can be obtained as:
+ 4π + 12π
where we have introduced the adimensional magnetic fields
(T ). Let us stress
that this choice of lowest-order polynomials is by no means unique, since one of the relations only constrains the ratio of the time derivatives of the angular functions. With this choice, the azimuthal angle θ(t) of the field is completely independent of the initial and final values of the magnetic field, which affect the longitude angle ϕ(t).
At this stage, one can determine the full magnetic field profile from Eq. (3) . The values of the angle ϕ(t) should be kept in the interval ]0, π[ in order to avoid a divergence in the magnetic field [41] . For this purpose, one must choose carefully the sign of the magnetic field component B Using the magnetic field defined in Eqs. (3), we simulate [32, 33] the temporal evolution of an atomic spin in a Stern-Gerlach device with a STA-designed magnetic field. Precisely, we keep track of the expectation values of the angular momentum projections Ĵ z (t) and Ĵ x (t), as well of the fidelity of the atomic spin state with respect to the target state |m x = −1 . The latter may be written as F(t) = | m x = −1|ψ(t) | 2 , where the quan-
dtĤ(B(t)) |m z = 1 is the time-dependent atomic spin state evolved from the initial state |m z = 1 through the interaction with the time-dependent magnetic field B(t).
The corresponding results are shown on Figure 3 and Figure 4 respectively. We first consider a STA SternGerlach device and a standard Stern-Gerlach apparatus using equivalent magnetic fields. When the atomic spin propagates in a standard Stern-Gerlach device, whose magnetic field is B av = (1/T ) T 0 dt||B(t)||, the expectation value Ĵ x (T ) > −1 and the relatively low fidelity achieved (F 0.60) reveal an imperfect transfer to the target state |m x = −1 . Even when the maximum field modulus B max is used in the standard Stern-Gerlach device, the fidelity of the spin state to the target state saturates at the value F 0.80. In contrast, when the atomic spin propagates in the STA-designed magnetic field, the atomic spin projections expectation values are very close to Ĵ z (T ) = 0 and Ĵ x (T ) = −1, showing that the final spin state is very close to the target state |m x = −1 at the final time T . With a standard Stern-Gerlach device using a larger magnetic field B 0 st , one may achieve a good fidelity in the quantum state transfer over a large interval of propagation times t.
Nevertheless, the behaviour of the fidelity near the optimal time is different for the standard and for the STA Stern-Gerlach, enabling the latter to reach very high fidelities in a single state transfer. Indeed, the error committed in this transfer (t) = 1 − F(t) decreases sharply for the STA device and can become arbitrarily low in the vicinity of the ideal propagation time T . Differently, for the standard SG device a finite error remains even at this ideal time. Its value depends on the magnetic field involved. In order to obtain a quantitative measure of the reliability of the spin transfer with a STA device, we analyse different fidelity thresholds for propagation times t close to the ideal time T . Noting ∆t = t − T the time propagation mismatch, the inset of Figure 4 reveals that the error committed can be as low as (t) ≤ 10 −8 for |∆t/T | ≤ 2 × 10 −3 , or (t) ≤ 10 −5 for |∆t/T | ≤ 1.5 × 10 −2 , and (t) ≤ 10 −2 for |∆t/T | ≤ 0.1.
Equivalently, these fidelities can be achieved for a certain velocity interval ∆v = v − v 0 around a reference velocity v 0 for which the STA magnetic field has been designed. The resilience of the STA and standard SternGerlach devices increases with the strength of the magnetic field involved. With a maximum magnetic field of B max = 0.22 G, the STA Stern-Gerlach achieves a fidelity F ≥ 99% for a class of velocities ∆v such that |∆v/v 0 | ≤ 10%. This corresponds to a velocity spread of ∆v 1km/s for the experiments [5, 36] or for the slow beams of metastable hydrogen obtained from molecular dissociation in [28, 29] , or ∆v 4km/s for the fast hydrogen beams [27, 29] .
These measures can be compared with the reliability threshold for a universal set of quantum gates in order to obtain scalable quantum error correction [43] [44] [45] . As shown in these references, the availability of a finite set of gates enabling universal quantum computation and with a probability of failure below a certain threshold indeed enables one to implement large scale quantum error correction. The exact value of this threshold depends on a variety of factors such as the structure of the code employed and on the noise model [46] . Earlier estimates of this threshold gave a maximum failure probability of p 2.10 −5 [47] for seven-qubit codes. Using a different topology, surface code quantum computing [48, 49] enables efficient quantum computation with gates fidelities of F ≥ 99%.
The Stern Gerlach device enhanced by the STA technique may thus obtain the transfer of a single quantum state with a reliability over this threshold for a significant range of propagation times, suggesting that this apparatus could be used within a quantum computing architecture. In order to evaluate quantitatively the benefits offered by the STA-engineered magnetic field over the standard helicoidal configuration, we estimate the resources -in terms of magnetic field -required to achieve a perfect spin transfer in a given total propagation time. As previously, we consider either the average or the maximum magnetic fields involved in the STA configuration to determine the equivalent magnetic field in the standard STA device. For a range of times T , we derive the STAengineered magnetic field from Eq. (7), which gives readily the average and maximum magnetic fields involved. As seen previously, the magnetic field required in the standard device is inversely proportional to the propagation time T . Figure 5 compares the performances of the STA-t (µs) engineered and the standard Stern-Gerlach apparatus from two equivalent points of views. Figure 5 (a) shows magnetic field required in both devices for a range of atomic spin transfer time T , while Figure 5 (b) reveals the speed-up offered by a STA Stern Gerlach in comparison with a standard Stern Gerlach loaded with a magnetic field of similar strength. These figures reveal that for a total transfer time T > ∼ 0.8 µs, the STA-engineered Stern Gerlach device is more performant. The maximum magnetic field involved in the STA device is smaller than the magnetic field required in a standard Stern-Gerlach device. Equivalently, the standard Stern-Gerlach requires a longer atomic propagation time when using a magnetic field of modulus equal to the maximum STA-magnetic field. Note that the curves associated with the maximum magnetic field in the STA device present a slope discontinuity [50] .
On the other hand, when the atomic spin transfer time is such that T < ∼ 0.8 µs, the standard Stern-Gerlach becomes more efficient. Indeed, close to T = 0.5 µs, the magnetic field involved in the STA device diverges. This issue is related to the divergences generated by the roots of the angular functions θ(t) and φ(t), which appear in the interval ]0, T [ when T goes below a certain value. By using polynomial functions of higher order, it is possible to go to shorter times, while preserving a small enough magnetic field. When considering a family of polynomials of a given order, these divergences set a lower bound on the times achievable by the STA-engineered Stern Gerlach devices. To conclude, we have proposed to enhance the performances of a Stern-Gerlach device by using the technique of shortcut to adiabaticity. We have considered the propagation of spin-one particles in the device. Using the Lewis-Riesenfeld invariant approach, we have found a suitable magnetic field by reverse-engineering of the dynamical equation of motion for the invariant. The commutation between the invariant pointer and the Hamiltonian at initial and final times reduces the sensibility of the final state to the total propagation time. Using numerical simulations, we have demonstrated the validity of our approach, and provided a quantitative picture of the enhancement offered by this technique. The STA-engineered Stern-Gerlach apparatus appears to offer a better trade-off between time of propagation and magnetic field involved in the device. This conclusion is generic and valid for higher angular momentum. It provides the physical limits for the miniaturization of Stern and Gerlach device to entangle external and internal degrees of freedom. Finally, the STA-engineered Stern-Gerlach apparatus may achieve for the transfer of a single atomic spin extremely high fidelities for a narrow range of velocities, and fidelities above 99% over a broad range of velocities. Such fidelities are below the error threshold for scalable quantum computation with surface codes. The fidelity enhancement provided by the STA method may open the possibility to use the SternGerlach devices in the context of quantum information processing.
